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Abstract. In this paper, we consider an entangled Ising-XYZ diamond chain
structure. Quantum correlations for this model is investigated by using of quantum
discord and trace distance discord. Quantum correlations is obtained for different
values of the anisotropy parameter, magnetic field and temperature. By comparison
between quantum correlations, we show trace distance discord is always larger than
quantum discord. Finally, some novel effects, such as increasing the quantum
correlations with temperature and constructive role of anisotropy parameter which
may paly to the quantum correlations were observed.
1. Introduction
Quantum discord (QD) has received much attention, since it was proposed by Ollivier
and Zurek [1]. The quantum discord which measures a more generic kind of quantum
correlation, is known to have nonzero values even for separable mixed states [2]. QD is
made on the fact that two classical equivalent ways of defining the mutual information
are not equivalent in the quantum domain. In general, it is to some extent hard to
calculate QD and analytical solutions can hardly be found except for some certain cases,
such as the so-called X states [3]. The difficulty of finding analytical solutions for QD led
Dakic et al. to introduce a geometric measure of QD [4], which determines the amount
of quantum correlations of a state in terms of its minimal Hilbert-Schmidt distance from
the set of classical states. The calculation of this measure needs an easier minimization
process, which is obtainable analytically for general two-qubit states [4] as well as for
arbitrary bipartite states [5, 6]. Such a distance is well-known not to contractive under
trace-preserving quantum channels [7, 8]. This naturally leads to a redefinition of the
geometric discord in terms of a metric that fulfills the contractivity property. One such
metric is the trace distance [9, 10], which uses the Schatten one-norm (or trace norm).
In this paper, we refer to this particular geometric measure as trace distance discord
(TDD).
In last years, with the development of quantum information and quantum computation,
spin systems have an extensive application in the field of quantum information [11, 12].
Heisenberg model, as the simplest spin chain, has been researched in many fields of
2quantum information and computation. It can be implemented in many physical systems
such as quantum dot system [13], nucleus system [14], electronic spin system [15] and
optical lattices system [16] and so on. Quantum correlation in the Heisenberg model is
like a bridge between quantum information and condensed matter physics.
Motivated by real materials like Cu3(CO3)2(OH)2 known as azurite, which is an exciting
quantum anti-ferromagnetic model characterized by Heisenberg model on generalized
diamond chain. Honecker et al. investigated the dynamic and thermodynamic properties
for this model [17]. Furthermore, the thermodynamics of the Ising-Heisenberg model
on diamond-like chain was also vastly discussed (see [18, 19]). The motivation to
research the Ising-XYZ diamond chain model is based in some recent works. Lately,
the properties of thermal entanglement have been studied in the Ising-XXZ model on
diamond chain [20], and in the Ising-XYZ model on diamond chain [21]. Therefore, it
is quite necessary to study the QD of the Ising-XYZ on diamond chain. Also, only a
few studies are directed to the relation between QD and TDD in the quantum channels
[22]. Therefore, here we also compare the QD and TDD and illustrate their different
characteristics. This paper is organized as follows: in Sec. 2 we present the Ising-XYZ
model on diamond chain. Further, in Sec. 3 we review the definition of QD and TDD.
In Sec. 4 we have discussed QD and TDD of Heisenberg reduced density operator of
the model. Finally, concluding remarks are given in Sec.5.
2. Quantum discord and Trace distance discord
2.1. QD
In classical information theory, the total correlation between two arbitrary parts can be
expressed as two kinds of equivalent expressions of mutual information. In the quantum
domain, one of quantum extension of mutual information is equal to total correlation.
It can be expressed as:
I(ρAB) = S(ρA) + S(ρB)− S(ρAB), (1)
where S(ρ) = −Tr(ρ log2 ρ) is Von Neumann entropy and ρA(ρB) is the reduced density
operator of the part A(B). The other quantum version of mutual information can
be written after a complete set of projection measurements {Bk}. Since the systems
have quantum correlation, the quantum correlation will unavoidably cause to another
system disturbed when we measure one quantum system. Therefore, the two quantum
extensions of mutual information are not equal to each other. However the maximum of
the second extension can be interpreted as a measure of classical correlations C(ρAB).
It can be written as [23, 24]:
C(ρAB) ≡ S(ρA)−min
Bk
S˜(ρAB|{Bk}), (2)
where S˜(ρAB|{Bk}) = ∑k pkS(ρkAB) is the conditional entropy of partition A, ρkAB =
(I ⊗ Bk)ρAB(I ⊗ Bk)/pk and pk = Tr[(I ⊗ Bk)ρAB(I ⊗ Bk)]. The minimum value in
Eq. (2) is due to the complete set of projection measurements {Bk}. The minimum
3difference between the two quantum versions of mutual information is equal to QD. It
can be expressed as [1]:
D(ρAB) = I(ρAB)− C(ρAB). (3)
2.2. TDD
At first, we briefly review the definition and the general formalism for the trace distance
discord. For any bipartite system AB which described by the density operator ρ, the
trace distance is defined as the minimal trace distance between ρ and all of the classical-
quantum states ρCQ [25], namely,
DT (ρ) = min
χ∈ρCQ
‖ρ− χ‖1, (4)
where ‖X‖1 = Tr
√
X†X shows the trace norm (Schatten 1-norm), and ρCQ is in the
following form
ρCQ =
∑
i
piΠ
A
i ⊗ ρBi (5)
which is a linear combination of the tensor products of ΠAi (the orthogonal projection
in the Hilbert space HA) and ρ
B
i (an arbitrary density operator in HB, with {pi} being
a probability distribution. For the certain case of the two-qubit X states ρX whose
nonzero element are along only the main diagonal and anti-diagonal [26], the trace
distance discord can be expressed analytically [27], which has the following compact
form
DT (ρ
X) =
√√√√ γ21γ2max − γ22γ2min
γ2max − γ2min + γ21 − γ22
(6)
where γ1,2 = 2(|ρ23| ± |ρ14|), γ3 = 1 − 2(ρ22 + ρ33), γ2max = max{γ23 , γ22 + x2A3} and
γ2min = min{γ21 , γ23}, with xA3 = 2(ρ11 + ρ22)− 1.
3. THE CORRELATIONS IN THE ISING-XYZ CHAIN ON DIAMOND
CHAIN STRUCTURE
Pairwise thermal entanglement in Ising-XYZ diamond chain structure already was
discussed in Ref. [21]. In this work, we will discuss the quantum discord and trace
distance discord for this model. An Ising-XYZ diamond chain structure is schematically
illustrated in figure 1. The Ising-XYZ Hamiltonian can be written in following form
[21]:
H = −
N∑
i=1
[J(1 + γ)σxa,iσ
x
b,i + J(1− γ)σya,iσyb,i + Jzσza,iσzb,i (7)
+J0(σ
z
a,i + σ
z
b,i)(Si + Si+1) + h(σ
z
a,i + σ
z
b,i) +
h
2
(Si + Si+1)],
where σαa(b) are the Pauli matrix with α = {x, y, z}, and S corresponds to the Ising spins,
whereas γ is the XY-anisotropy parameter, and h indicates magnetic field.
4Figure 1. Schematic representation of Ising-XYZ chain on diamond structure, σa,i
and σb,i are Heisenberg spins, while Si corresponds to Ising spins.
For the case of an infinite chain, the reduced density matrix can be expressed as:
ρX =


ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ23 ρ33 0
ρ14 0 0 ρ44

 , (8)
In which the elements of density matrix could be expressed in terms of the
correlation function between two entangled particles [29],
ρ11 =
1
4
+ 〈σzaσzb 〉+ 〈σza〉, (9)
ρ22 = ρ33 =
1
4
− 〈σzaσzb 〉,
ρ44 =
1
4
+ 〈σzaσzb 〉 − 〈σza〉,
ρ14 = 〈σxaσxb 〉 − 〈σyaσyb 〉,
ρ23 = 〈σxaσxb 〉+ 〈σyaσyb 〉,
At finite temperature, each expected values become temperature dependent quantities
which are in the following form: [21]:
〈σxaσxb 〉 = eβ
h
2
∆(1)
2
e−β
2h+Jz
4 sinh(β J
2
) + Jγ
4
eβ
Jz
4 sinh(β∆(1))
∆(1)λ+
(10)
〈σyaσyb 〉 = eβ
h
2
∆(1)
2
e−β
Jz
4 sinh(β J
2
)− Jγ
4
eβ
Jz
4 sinh(β∆(1))
∆(1)λ+
〈σzaσzb 〉 = eβ
h
2
eβ
Jz
4 cosh(β J
2
)− e−β Jz4 cosh(β∆(1))
2λ+
〈σza〉 = eβ
2h+Jz
4 sinh(β∆(1))
J0 + h
∆(1)λ+
wherein
∆(µ) =
√
(h+ µJ0)2 +
1
4
J2γ2 (11)
5λ+ = ω(2) + ω(−2) +
√
(ω(2)− ω(−2))2 + 4ω(0)2 (12)
in which
ω(µ) = 2e
βµh
2 [e−
βJz
4 cosh(
βJ
2
) + e
βJz
4 cosh(β∆(µ))] (13)
where β = 1/kBT , with with kB being the Boltzmann constant and T is the absolute
temperature. For simplicity, we write k = 1.
Finding analytical solution for quantum discord is difficult to some extent. Nevertheless,
for the X states described by the density matrix equation (8), one can find the explicit
expression of quantum discord as [28]:
D(ρ) = min{D1, D2} (14)
where
D1 = S(ρ
A)− S(ρAB)− ρ11 log2(
ρ11
ρ11 + ρ22
)− ρ22 log2(
ρ22
ρ11 + ρ22
) (15)
−ρ44 log2(
ρ44
ρ22 + ρ44
)− ρ22 log2(
ρ22
ρ22 + ρ44
)
and
D2 = S(ρ
A)− S(ρAB)−∆+ log2∆+ −∆− log2∆− (16)
with ∆± =
1
2
(1± Γ) and Γ2 = (ρ11 − ρ44)2 + 4(|ρ14| + |ρ23|)2. Finally, according to Eq.
(6), TDD can be obtained easily.
According to the Eqs. (6) and (14) QD and TDD can be worked out by numerical
calculation. We will now discuss them with the corresponding plots. The QD and TDD
both are known to vary with the parameters J0, h, γ, Jz and T. By fixing some of the
parameters we can analyze the roles that the others play in QD and TDD.
In Fig. 2 quantum correlations are plotted versus J0/J and T/J , for fixed parameters
J0/J = 0, γ = 0.95, h/J = 0.27 in panels (a) and (b) and for fixed parameters
J0/J = 0.3, γ = 0.6, h/J = 0.35 in panels (c) and (d). We can see from Fig. 2,
both QD and TDD increase from zero to some peak values in the beginning and then
decrease with temperature increasing. Note that the peak value depend on J0/J , so
that smaller J0/J have higher peak values. Moreover, after reaching to peak values QD
and TDD decrease more slowly for larger value of J0/J , as temperature goes up, than
smaller value of J0/J . The distinct difference between QD and TDD is: TDD has larger
value than TDD. That the QD and TDD do not monotonically decline with increasing
temperature shows the more correlated low-lying excited states in some regions [30]. In
addition, pairwise thermal entanglement of Ising-XYZ diamond chain model has been
considered in Ref. [21]. The authors found that thermal entanglement vanishes as for as
the temperature increases, while we find from Fig. 2 that, QD and TDD do not vanish
up to infinite temperature. It indicates that, both of the QD and TDD are more general
quantum correlations than entanglement.
We now turn to characterize the dependence of QD and TDD on magnetic field. Fig.
3 shows the behavior of QD and TDD versus magnetic field and different temperature
at a fixed value of γ = 0.5 and J0/J = −0.3, Jz/J = 0.3. For the QD case, as the
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Figure 2. Quantum correlations as a function of J0/J and T/J , with Jz/J = 0,
γ = 0.95, h/J = 0.27 (a) and (b); Jz/J = 0.3, γ = 0.6, h/J = 0.35 (c) and (d).
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Figure 3. QD (a), TDD (b) as a function of h/J with γ = 0.5, J0/J = −0.3,
Jz/J = 0.3 and different values of temperature T/J : T/J = 0.2 (dash line), T/J = 0.5
(dash-dot line), T/J = 0.7 (solid line), T/J = 1.5 (circle line).
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Figure 4. Comparison of QD and TDD versus h/J , with γ = 0.5, J0/J = −0.3,
Jz/J = 0.3; T/J = 0.5(a), T/J = 1 (b).
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Figure 5. Quantum correlations as a function of γ and T/J with J0/J = −0.3,
Jz/J = 0.3 h/J = 0.5.
8temperature is low (T/J = 0.2) there are three sharp peaks (Fig. 3(a)). As we increase
temperature, the middle peak gets shorter. Compared with QD, we can see from Fig.
3(b) the behavior of TDD is different from QD to some extent. As the temperature
is low (T/J = 0.2), we can see obviously only one peak. As we increase temperature
(T/J = 0.5), one can see that the one peak evolve into three peaks. That is to say,
the left and right peaks appear. When T/J = 0.7 the middle peak get shorter. As the
temperature is further increased, for example T/J = 1.5, the middle peak disappears
and we can see two sharp peaks. Also, QD and TDD finally vanish as magnetic field
increases, namely strong magnetic field is harmful to quantum correlation. In Fig. 4 the
behaviors of two quantities versus magnetic field at two certain temperature (T = 0.5
Fig. 4(a) and T = 1 Fig. 4(b)) are compared. We can known that the two quantities
are not symmetric with respect to the zero magnetic field, moreover the QD has always
lower value than TDD at the temperature both T = 0.5 and T = 1.
We now move to investigate how the quantum correlations behaves as we change the
anisotropy parameter at finite temperature. The QD and TDD as a function of γ and
T/J for fixed values of h/J = 0.5, J0/J = −0.3 and Jz/J = 0.3 is shown in Fig. 5. It is
seen that QD and TDD are not a symmetric function about zero anisotropy parameter
γ. We can see that QD and TDD evolve similar but not the same which can be seen
clearly from Fig. 5. As increasing absolute value of anisotropy parameter γ, quantum
correlations decreases to a minimum value first and then increase to maximum value.
Furthermore, the value of QD and TDD are nearly a constant when γ is large enough
as shown in Fig. 5. The constant is not the same for different temperature.
4. Conclusion
In summary, we have investigated the quantum correlations (quantum discord and trace
distance discord) of the spin-1
2
Ising-XYZ chain on diamond structure. By changing
the magnetic field, anisotropy parameter, coupling constant and also temperature we
observed that the overall behavior of QD and TDD is alike to a large extent. We found
that, the anisotropy parameter can both decrease and increase quantum correlation.
Moreover, we observed regimes where QD and TDD increase by increasing temperature
T , while concurrence decreases with T . Finally, we observed strong magnetic field
suppresses quantum correlations, while weak magnetic field can increase or decrease
QD and TDD. By comparison between QD and TDD versus magnetic field we showed
that TDD is always greater than QD.
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